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Most of the results presented in this talk were obtained together
with Piotr Oprocha and Pawet Potorski, some results were
obtained together with Angela Berger (Stachelberger).

Let f:[0,1] — [0,2] be a continuous strictly increasing function
which is differentiable on (0,1) \ F where F is a finite set. Define
inf " := inf,c(0,1)\F f'(x), and assume that inf f’ > 1. Hence there
exists a unique ¢ € (0,1) with f(c) = 1. Now define

Trx = f(x) (mod 1) = f(x) — [ f(x)] ,

where |y| is the largest integer smaller or equal to y. One calls a
map Tr of this form an expanding Lorenz map. Then Tr is a
piecewise monotonic map but it has a discontinuity at ¢. Moreover,
lim, ,.- Trx =1 and lim,_,.+ Trx = 0. Using a standard doubling
points construction one can apply all usual definitions of dynamical
systems also to Lorenz maps.



A map Ty is called topologically transitive if there exists

an x € [0, 1] such that the w-limit set (the set of all limit points

of (T¢"x),cn) equals [0,1]. It is equivalent to the property that for
any nonempty open U, V C [0, 1] there exists an n € N such that
T"UN V # 0. For expanding Lorenz maps with inf f/ > /2 we
get the following result.

Theorem 1
Set B := inf f' and assume that one of the following properties is
satisfied.

(1) 8> V2.
3 1
(2) B> V2 and f(0) > BT
1
Then Ty is topologically transitive.



Define f(x) := 8x + 2. Here =8 < ¥/2 and £(0) > ﬁ One
can see the graph of T in the figure below. As the pink set is
T¢-invariant the map Ty is not topologically transitive.




Consider the map whose graph is shown in the figure below. We
have 8 =inff = £ > 2 and f(0) < ﬁ in this case. Since the
pink set is Tg-invariant the map Tr is not topologically transitive.




Next we call T¢ topologically mixing if for every nonempty open
U,V C [0,1] there exists an N € N such that T;"U NV # ) for
all n > N. This obviously implies topological transitivity. Our next
result states that in the situation of Theorem 1 in only three cases
T¢ is not mixing.

Theorem 2

Set B := inf f' and assume that one of the following properties is
satisfied.

(1) B=v2and f#v2x+1— 2.
(2) B> V2 f(0) > mandf;é\[x 2+€‘/Z2—2%'

(3) B> V2, f(1) <2~ by and £ # 2x + 4,
Then Ty is topologically mixing.



For f(x) := v/2x + %{2‘% the graph of Ty is shown in the
figure below. In this example one can reach in one step only a
violet interval from the pink interval, the yellow interval from one of
the violet intervals, and the pink interval from the yellow interval.

Hence Ty is not mixing.




By Theorem 1 and Theorem 2 we can draw the region of (3, a)
with ¥/2 < 8 < 2 such that inf f/ > /3 and f(0) > a implies that
T¢ is topologically transitive.
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Assuming that f(x) = x + « we can obtain the following better
result.

Theorem 3
Suppose that f(x) = x4+ a with V2 < <2and0<a <2—f.
Then Ty is topologically transitive if and only if

(1) B=V2, or

(2) ﬁgﬁgﬂand0§a<ﬁ, or

(3) V2<B<Vv2and2 -~ iz <a<2-4.

Furthermore T is topologically mixing if and only if (1) or (2) or
(3) above is satistied and
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Using Theorem 3 we can draw the region of (5, ) with
V2 < B < 2 such that 8x 4+ « (mod 1) is topologically transitive.
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Trying to generalize this result leads to the notion of n(k)-cycles
introduced by Palmer in 1979. If {z, z1,..., 2,1} is a periodic
orbit of period n and

20< << Zpp1<c<zp(<---<2Zp_-1,

then it is called an n(k)-cycle. Moreover, an n(k)-cycle is called a
primary n(k)-cycle if

(1) Trzj = Zj1 (mod n) for every j €{0,1,...,n—1},

(2) k and n are coprime,

(3) Zk_1 < TfO and Zj > Tf']..

Paul Glendinning claimed in 1990 that an expanding Lorenz map

with a primary n(k)-cycle cannot be topologically transitive.
However, this is not true.



Consider the example T¢ for f(x) := v/2x + M from
above. Setting zp := T¢20, z1 := T¢0 and z» := T30 = T¢1 we
get a primary 3(2)-cycle (see the figure below). On the other hand

T is topologically transitive by Theorem 1, but not topologically
mixing by Theorem 2.




Investigating how transitivity and mixing are related to primary
n(k)-cycles we obtain the following results.

Theorem 4

Assume that Ty is an expanding Lorenz map having a primary
n(k)-cycle zo < zy < -++ < zp—1. If TfO = zx_1 and T¢l = z, then
T is topologically transitive but not topologically mixing.

Theorem 5

Suppose that Tr is an expanding Lorenz map having a primary
n(k)-cycle zg < z; < -+ < zn_1. Moreover, assume that

T¢0 > z,_1 or Trl < z,. Then Ty is not topologically transitive.



Next we draw a region of (3, a) where Sx + « (mod 1) is not
topologically transitive. For this region primary n(1)-cycles and
primary n(n — 1)-cycles are considered.
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We recall some definitions essentially given by Paul Glendinning in
1990.

The map T is called locally eventually onto if for every nonempty
open U C [0, 1] there exist open intervals Ui, U C U and

n1, ny € N such that T¢™ maps U; homeomorphically to (0, ¢) and
T¢™ maps U, homeomorphically to (c,1).

One calls T¢ renormalizable if there are 0 < u; < ¢ < up» <1 and
I, r € N with [ + r > 3 such that

(1) T¢'is continuous on (uy, c),

(2) T¢" is continuous on (c, up),

(3) limy_o T¢'x = o and lim,_, o+ T¢"x = uy.

Because of some exceptional cases one defines T¢ to be special
trivial renormalizable if TfF0=0or T¢l =1 or T¢/0 = c or

Tr1 = c. Note that a special trivial renormalizable Lorenz map
need not be renormalizable.



Every locally eventually onto Lorenz map is topologically mixing.
It was widely believed that in the case it is not special trivial
renormalizable Ty is locally eventually onto if and only if it is not
renormalizable.

Unfortunately this is not true. Let (3 be the largest zero of the
polynomial x* —x — 1, set o := 1 — % and define f(x) := Bx + a.
We obtain that ¢ = 6—12 and

B ~ 1.22074408460575947536168534910883191443248908624864 ,
o~ 0.18082748660383556030042881165757295965150216744629 ,
c ~ 0.67104360670378920841681565403619970255274447477118 .

Furthermore we have T730 = T¢%1 = c.



The graph of the map Ty is shown in the figure below. It can be
shown that T¢'2 maps the pink interval homeomorphically to (0, c),
and this can be used to prove that Ty is locally eventually onto.




Set uy := T¢20, up :=1, | :=4 and r := 3. As shown in the figure
below the map Ty is renormalizable.
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Because of this example Tr may be locally eventually onto and
renormalizable, even if it is not special trivial renormalizable.

One calls the map T strongly locally eventually onto if for every
nonempty open U C [0, 1] there exist open intervals U;, Uy C U
and ny, np € N such that T¢™ maps U; homeomorphically to
(0,¢), T¢™ maps U homeomorphically to (c,1), T¢, T¢2,..., Te™
are continuous on Uy and Ty, T¢2, ..., T¢™ are continuous on Us.
We obtain then the following result.

Theorem 6
For Lorenz maps the following conditions are equivalent.
(1) The map Ty is strongly locally eventually onto.

(2) The map Ty is not renormalizable or Ty is special trivial
renormalizable.



Thank you very much

Dziekuje bardzo



Michale,
wszystkiego najlepszego
z okazji urodzin!
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